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Abstract 

Using Schauder's theory for linear elliptic partial differential equations in two 
independent variables and fundamental estimates for univalent mappings due 
to E. Heinz we establish an upper bound of the Gaussian curvature of two- 
dimensional minimal surface graphs in R". This leads us to a theorem of 
Bernstein-Liouville type. 
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1 Non-parametric settings 

For natural n > 3, let us consider a two-dimensional minimal surface graph 

X(x, y) = (x, y, tpi{x, y),..., tp n -2(x, y)), (x, y) E Br , 

with functions ipz E C 2 (B R ,R), £ = 1, . . . ,7i — 2, on the topological closure Br C M. 2 of the 
open disc 

B R := {(x,y) E M 2 : x 2 + y 2 < R 2 }, R E (0,+oo). 

With the minimal surface we associate the moving frame {X x , X y , N±, . . . , iV n _2} consisting of 
the tangent vectors 

X x = (1, 0, tpi lX , - j H>n-2,x), X y = (0, 1, ipi lV , ■ ■ ■ , (f n -2,y)> 

where the indices x and y denote the partial derivatives w.r.t. the coordinates, and the linearly 
independent unit normal vectors 

^1 : = 7= j= . 9 =(-yi,a,-¥?l,y,l,0,---,0,0), 

: i (1) 

X n -2 ■= , = (— V? n -2,a!! -fn-2,y,0, 0, ■ ■ ■ , 0, 1). 

y'l + \Vtpn-2V 

2 Introduction of conformal parameters 

Instead of the coordinates x and y, we prefer to consider the graph conformally parametrized 
(see 0). Let (u,v) E B, where B := B%, then we get the immersion 

X(u, v) = (a; 1 (n, v), x 2 (u, v),x 3 (u, v), . . . , x n (u, v)), (u, v) E B, 

of regularity class X E C 2 (-B,R n ) n C°(i3,]R n ), while the following properties hold true: 



(a) the plane mapping 

F*(u,v) := (s 1 («,«), x 2 («,«)) : 5 — ► 5r 

is one-to-one, it has a positive Jacobian, it satisfies F*(0, 0) = (0,0), and F* : SB — > 8Br 
is a topological mapping, where 

dB R :={(x,y)£R 2 : x 2 + 2/ 2 = # 2 } 

denotes the boundary of Br] 

(b) the conformality relations 

\X U \ 2 = W= \X V \ 2 , X u -Xl = in 5 
with the surface area element 



W := y hnh 2 2 ~ hj 2 , hij := X u i ■ X^ fori,j = l,2 
and it 1 = u, u 2 = v. 

Now, consider any differentiate unit normal vector field N = N(u,v). W.r.t. its direction we 
define the coefficients of the second fundamental form by 

^N,ij '■= X u i u j ■ iV* , i,j = 1, 2. 

The mean curvature and the Gaussian curvature in direction of N read 

TT L N>11 h 2 2 ~ 2L NA2 hi2 + L N ^2hn L N>n L N>2 2 - L 2 N12 

Hn '-= W~2 . K *-= ^72 ■ 

In terms of the corresponding principle curvatures kjv,i and kn,2, we can write 

„ KN s l + K N)2 r , 
SIN = ^ ' N = K N,lKN,2 ■ 

Lemma. Let X € C 2 (B,R n ) n C°(B,R n ) be a minimal immersion. Then there hold 

Hn(u, v) = in B 
for all differentiate unit normal vector fields N = N(u,v). 

For the proof of this Lemma and further results on two-dimensional minimal immersions we 
refer to the fundamental paper 



3 The main result 

The main object of this note is the following 

Theorem. Let the minimal surface graph X(x,y) = (x,y, (px(x,y), . . . ,(p n - 2 (.x,y)) with tp^ 6 
C 2 (Br,R), S = l,...,n — 2, be given. Then, for the principle curvatures kn,i and K N,2 in 
direction of any unit normal vector field N, there is a universal constant £ (0, +oo) such that 
in terms of conformal parameters (u, v) E B it holds 

K7 v,i(o,o) 2 + KJV , 2 (o,o) 2 <^®\\x\\ 2 c0{B) 

with the Schauder norm 

\\ x \\c°{B) : = sup \X(x,y)\. 
{x,y)eB 
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We conclude the following result of Bernstein-Liouville type: 

Corollary. For large R, let \\X\\qo(b r \ — QR^ with a real constant G (0, +00) and u 6 [0,2). 
Then, if the minimal graph is complete, that is it is defined over the whole plane M 2 , it represents 
an affine plane. 

First, we continue with some remarks. 

Remarks. 1. The corollary is sharp in the following sense: the holomorphic function z 1— > z 2 , 
z = x + iy, induces the minimal graph (z, z 2 ) in M 4 which is not linear. 

2. Graphs (2, $(2)), where $ = $(z) is any holomorphic function, are minimal in M 4 . Thus, 
the above corollary can be read as a generalization of the well-known Liouville theorem. 

3. In 6 , using methods from complex function theory it was proved a curvature estimate 
and a theorem of Bernstein type for two-dimensional minimal immersions in R n under 
the assumption that all normals of such a surface omit any given neighborhood of some 
direction in space. 

In pQ, Osserman's condition enabled us to establish upper curvature bounds for immersions 
of prescribed mean curvature fields. The assumptions of our theorem above are more 
restrictive but the proof of the theorem seems to be simpler. 

Proof of the Theorem. 1. Note that 

1^,11(0,0)^,22(0,0) - Ljv,i2(0,0) 2 | 



\K N (0, 



< 



W(0,0) 2 

\X uu (0,0)\\X vv (0,0)\ + \X uv (0,0)\ 2 



W(0,0) 2 

Thus, we have to establish an upper bound for the second derivatives X uu (0, 0) etc., and 
a lower bound for W(0, 0). 

First, a minimal surface in conformal parameters is harmonic, that is (see [S]) 

AI(m,i;)=0 in B. 
Applying 4, Theorem 4.6, there is a constant C\ G (0, +00) such that 

|^(0,0)| <C X \\X\\ C « {B) , i,j = 1,2. 

2. Instead of the plane mapping F* = F*(u,v) we consider the normalization 

F(u,v):=~F*(u,v), (u,v)€B. 

Together with the properties of F* mentioned above in point (a), due to |S], vol. II, chapter 
XII, Satz 1 there is a universal constant C% S (0, +00) such that 

|VF(0,0)| 2 >C 2 

(E. Heinz, 1952). Now, using the conformality relations we estimate as follows: 

2^(0,0) = |Vx x (0,0)| 2 + |Vx 2 (0,0)| 2 + |Vx 3 (0,0)| 2 + |Vx 4 (0,0)| 2 
> |VF*(0,0)| 2 = i? 2 |VF(0,0)| 2 > R 2 C 2 . 
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3. We arrive at the estimate 

o/^2 II v\\2 



Finally, 
yields 



K N 1 + K N 2 = 2(2F^ - K N ) = 2(-K N ) > for any N 



1 16C 2 

^ 5l (0,0) 2 + KJV , 2 (0,0) 2 < ^ \\xf CQ{B) . 



Setting := 16C 2 C 2 2 proves the theorem. 



Proof of the Corollary. We introduce conformal parameters (u,v) € B. 



□ 



(i) Orthonormalization of the unit normal basis given in (^Q) yields a unit normal frame 
{N\(u, v), . . . , N n _2(u, v)} such that 



iY E (ii,t>) • JV n («,«)* = fen := 



1 for £ = ft 
for S ^ ft 



The Gaussian curvature K (that is the non-trivial component of the Riemann curvature 
tensor) can be calculated by 

n-2 

K= 

S=l 

with the Gauss curvatures K% in direction Ny (see [2], equation (6.3,17)). For our minimal 
surface graph there hold Hy = and Ky < for £ = 1, . . . , n — 2. 

(ii) For large -R, we have by assumption ||X|j<70(£) < fti? w . From the curvature estimate above 
we conclude 

«tv,i(o, o) 2 + ^,2(0, o) 2 < i R 2uJ en 2 = eft 2 

for any ./V = N(u, v) of the orthonormal section {N\, . . . , _/V n _2}. Letting — > 00 implies 
i^Ar(0,0) = and therefore K(0, 0) = for the Gaussian curvature. By [5], chapter III, §5, 
Lemma 3, the graph is linear. 

□ 
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